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ON GRAPHIC ELEMENTARY LIFTS OF GRAPHIC MATROIDS
GANESH MUNDHE1, Y. M. BORSE2, AND K. V. DALVI3
Abstract. Zaslavsky introduced the concept of lifted-graphic matroid. For binary matroids, a
binary elementary lift can be defined in terms of the splitting operation. In this paper, we give
a method to get a forbidden-minor characterization for the class of graphic matroids whose all
lifted-graphic matroids are also graphic using the splitting operation.
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1. Introduction
For undefined notions and terminology, we refer to Oxley [13]. A matroid M is quotient of a
matroid N if there is a matroid Q such that, for some X ⊂ E(Q), N = Q\X and M = Q/X. If
|X| = 1, then M is an elementary quotient of N . A matroid N is a lift of M if M is a quotient
of N . If M is an elementary quotient of N , then N is an elementary lift of M . A matroid N is a
lifted-graphic matroid if there is a matroid Q with E(Q) = E(N) ∪ e such that Q\e = N and Q/e
is graphic.
The concept of lifted-graphic matroid was introduced by Zaslavsky [19]. Lifted-graphic matroids
play an important role in the matroid minors project of Geelen, Gerards and Whittle [9, 10]. Lifted-
graphic matroids are studied in [4, 5, 6, 7, 19]. This class is minor-closed. In [5], it is proved that
there exist infinitely many pairwise non-isomorphic excluded minors for the class of lifted-graphic
matroids. Frank and Mayhew [7] proved that, for a positive integer r, there are only a finite number
of excluded minors of rank r for the class of lifted-graphic matroids. Very less is known about the
forbidden-minor characterizations of lifts. Here, we consider only binary matroids. We study a
quotient of lifted-graphic matroids and also give a way to represent a lifted-graphic binary matroid
over GF (2) using its quotient. We relate an elementary binary lift of a binary matroid with the
splitting operation for binary matroids. Using the splitting operation, we obtain a forbidden-minor
characterization for the class of graphic matroids whose all elementary lifts are also graphic.
Fleischner [8] introduced the splitting operation with respect to a pair of edges of a graph and
he characterized Eulerian graphs and gave an algorithm to find all Eulerian trails in an Eulerian
graph using this operation. Raghunathan et al. [14] extended this operation to binary matroids.
They defined the splitting operation for binary matroids with respect to a pair of elements and
used it to characterize the binary Eulerian matroids. Later on, Shikare et al. [15] generalized this
operation by defining for a binary matroid with respect to a general set instead of a pair as follows.
Definition 1.1. [15] Let M be a binary matroid with standard matrix representation A over the
field GF (2) and let T be a subset of E(M). Let AT be the matrix obtained by adjoining one extra
row to the matrix A whose entries are 1 in the columns labeled by the elements of the set T and zero
otherwise. The vector matroid of the matrix AT , denoted by MT , is called as the splitting matroid
of M with respect to T, and the transition from M to MT is called as the splitting operation with
respect to T.
Let M be a binary matroid. From the above definition, it is clear that the splitting matroid MT
of M is binary. In the second section, we prove that a splitting matroid of M is an elementary lift
of M and conversely, every binary elementary lift of M is a splitting matroid of M. Therefore an
elementary binary lift of a given binary matroid can be obtained by the splitting operation. Hence
we use the term a splitting matroid of M for a binary elementary lift of M .
Bases, cocircuits and connectivity of splitting matroids are studied in [3, 12, 14, 17].
In general, the splitting operation does not preserve the graphicness and cographicness properties
of a given matroid (see [1, 16]). Shikare and Waphare [16] characterized the graphic matroids M
such that MT is graphic for any T ⊆ E(M) with |T | = 2. They proved that there are four forbidden
minors for this class. However, the authors in [2] observed that one of these four minors is redundant
and they restated the result of Shikare and Waphare [16] as follows.
1
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Theorem 1.2. [2] Let M be a graphic matroid. Then MT is graphic for any T ⊆ E(M) with
|T | = 2 if and only if M has no minor isomorphic to any of the circuit matroids M(G1), M(G2)
and M(G3), where G1, G2 and G3 are the graphs as shown in Figure 1.
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In this paper, we give a method to obtain forbidden-minor characterization for the class of
graphic matroids whose all binary elementary lifts are graphic. We prove every binary elementary
lift of a binary matroid M is isomorphic to a splitting matroid MT for some T ⊆ E(M). First,
we characterize the class of graphic matroids which yield graphic matroids under the splitting
operation with respect to a set of three elements. Then we generalize the results for set of any size.
Given a graph G, let G˜ be a member of the collection of graphs obtained by adding an edge e
to G such that at least one end vertex of e belongs to the vertex set V (G).
The following is the main result of the paper.
Theorem 1.3. Let M be a graphic matroid. Then the splitting matroid MT is graphic for any
T ⊆ E(M) with |T | = 3 if and only if M does not contain a minor isomorphic to any of the
circuit matroids M(G˜4),M(G˜5) and M(Gk) for k = 6, 7, 8, 9, where G4, G5, . . . , G9 are the graphs
as shown in Figure 2.
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The proof of the above theorem is long and it is divided into four sections. In Section 2, we
prove the “if part”of the theorem. The proof of remaining part is given in the next three sections.
In the last section, we discuss the extension of Theorem 1.3 for general T .
2. Graphic Splitting with respect to Three Elements
The following result relates a splitting matroid and an elementary lift.
Lemma 2.1. Let M and N be binary matroids. Then N is an elementary lift of M if and only if
N is isomorphic to MT for some T ⊆ E(M).
Proof. Let A be the standard matrix representation of a binary matroid M and let T ⊆ E(M).
Let B be the matrix obtained by adding a row to A with entries zero everywhere except in the
columns labeled by T where it takes value 1. Then B represents the matroid MT . Let C be the
matrix obtained by adding an extra column labeled by a to B containing 1 in the last row and zero
otherwise. Suppose Q is the vector matroid of C. Then M = Q/a and MT = Q\a. Therefore the
splitting matroid MT is an elementary lift of M .
Conversely, suppose N is a binary elementary lift of M . Then there exists a matroid Q′ such
that N = Q′\a and M = Q′/a for some a ∈ E(Q′). Let T1 be a cocircuit of Q
′ containing a.
Let T = T1 − {a}. We can write the matrix A of Q
′ such that the column of A labeled by a has
entry 1 in the last row and zero elsewhere. Since T1 is a cocircuit of Q
′, the entries in the last
row below the columns corresponding to T1 are 1 and the remaining entries are zero. Let B be
the matrix obtained from A by deleting the last row and the column corresponding to a. Then
M [B] = Q′/a = M . Let C be a matrix obtained from A by deleting column corresponding the
element a. Therefore M [C] = Q′\a = N . Thus, C can be obtained from B by adding one extra row
which has entries 1 below the elements corresponding to T and zero elsewhere. Thus, by Definition
1.1, C = BT . Hence N = M [C] = M [BT ] = MT . 
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The following observations follow trivially from the definition of the splitting operation.
Lemma 2.2. Let M be a binary matroid and T ⊆ E(M). Then the following holds.
(i). If x ∈ E(M) − T, then (MT )\x = (M\x)T and (MT )/x = (M/x)T .
(ii). If y ∈ T , then MT \y = (M\y)T−{y}.
(iii). MT \T = M\T.
(iv). MT = M , if T is a cocircuit of M .
We use the following important result frequently.
Theorem 2.3 ([13], p. 385). A binary matroid is graphic if and only if it has no minor isomorphic
to F7, F
∗
7 , M
∗(K3,3) or M
∗(K5).
“If part” of Theorem 1.3 follows from the following proposition.
Proposition 2.4. Let M be a binary matroid containing a minor isomorphic to one of the circuit
matroids M(G˜4),M(G˜5) and M(Gk) for k = 6, 7, 8, 9, where G4, G5, . . . , G9 are the graphs shown
in Figure 2. Then there is T ⊆ E(M) with |T | = 3 such that MT is not graphic.
Proof. We prove that for each of these six circuit matroids contains a set T of three elements
such that splitting with respect to T results into a non-graphic matroid. Note that G4 = G3 and
G5 = G1, where G1 and G3 are the graphs as shown in Figure 1. The matroid M(G˜i) is obtained
by adding an element zi to M(Gi) for i = 4, 5. Hence M(G˜i)\zi = M(Gi). By Theorem 1.2, there
exists Ti ⊂ E(M(Gi)) with |Ti| = 2 such that M(Gi)Ti is not graphic for i = 4, 5. Let T = Ti ∪ zi.
By Lemma 2.2(ii), M(G˜i)T \zi ∼= (M(G˜i)\zi)Ti
∼= M(Gi)Ti . Hence M(G˜i)T \zi is not graphic and
so M(G˜i)T is not graphic.
Suppose M = M(G6). Let T = {x, y, z}, where x, y, z are the edges of the graph G6 as shown
in Figure 2. Then the following are the matrix representations of M and MT , respectively.
A =
(x y z
1 0 0 0 1 0 1
0 1 0 0 1 1 0
0 0 0 1 1 1 1
)
, AT =


x y z
1 0 0 0 1 0 1
0 1 0 0 1 1 0
0 0 0 1 1 1 1
1 1 1 0 0 0 0

.
Let A′ be the matrix obtained from the matrix AT by performing row operation R4 → R4+(R1+R2)
and then interchanging the third and fourth row of the resulting matrix.
A′ =


1 0 0 0 1 0 1
0 1 0 0 1 1 0
0 0 1 0 1 1 1
0 0 0 1 0 1 1

.
Then the matrix A′ represents the matroid F ∗
7
. Thus, we have M(G6)T = M [AT ] ∼= M [A
′] ∼= F ∗7 .
Therefore by Theorem 2.3, MT is not graphic if M = M(G6)
Let Tj = {x, y, z}, where x, y, z are the edges of the graph Gj as shown in the Figure 2 for
j = 7, 8, 9. From the matrix representations, one can easily check that M(G7)T7
∼= F ∗7 , M(G8)T8
∼=
M∗(K5) and M(G9)T9/{z}
∼= M∗(K3,3). Hence, by Theorem 2.3, M(Gj)Tj is not graphic for
j = 7, 8, 9.
SupposeM contains a minor N which is isomorphic to one of the six circuit matroids as listed in
the statement. Then NT is not graphic for some T ⊆ E(N) with |T | = 3. Let A,B ⊆ E(M) such
that N ∼= M\A/B. Then T is disjoint from A and B. By repeated applications of Lemma 2.2(i),
we have MT \A/B = (M\A/B)T ∼= NT . Therefore MT is not graphic. 
We give the proof of the converse part of Theorem 1.3 using the next three sections.
3. Minimal Matroids
Let F = {F7, F
∗
7 ,M
∗(K3,3),M
∗(K5)}. We need the following lemmas.
Lemma 3.1. Let M be a graphic matroid such that MT contains a minor isomorphic to F for
some T ⊆ E(M) with |T | = 3 and F ∈ F. Then M has a minor N containing T such that one of
the following holds.
ON GRAPHIC ELEMENTARY LIFTS OF GRAPHIC MATROIDS 4
(i). NT ∼= F.
(ii). NT /T
′ ∼= F for some non-empty subset T ′ of T.
(iii). N is isomorphic to one of the matroids M(G˜1), M(G˜2) and M(G˜3), where Gi is the graph
as shown in Figure 1 for i = 1, 2, 3.
Proof. Since MT has a minor isomorphic to F, there are T1, T2 ⊆ E(M) such that MT \T1/T2 ∼= F.
Let T ′i = T ∩ Ti and T
′′
i = Ti− T
′
i for i = 1, 2. Then T
′
i is a subset of T while T
′′
i is disjoint from T.
By Proposition 2.2(i), MT \T
′′
1
/T ′′
2
= (M\T ′′
1
/T ′′
2
)T . Let N = M\T
′′
1
/T ′′
2
. Then N is a minor of M
containing T such that F ∼= MT \T1/T2 = NT \T
′
1/T
′
2.
Suppose T ′1 = ∅. Then NT /T
′
2
∼= F. If T ′2 = ∅, then (i) holds, otherwise (ii) holds.
Suppose T ′1 6= ∅. We prove that (iii) holds. As T
′
1 ⊆ T, we have |T
′
1| = 1, 2 or 3. Assume that
|T ′1| = 3. Then T
′
1 = T and T
′
2 = ∅. Hence F
∼= NT \T
′
1 = NT \T = N\T by Lemma 2.2(iii). This
shows that F is a minor of N and so it is a minor of the graphic matroid M, a contradiction.
Assume that |T ′1| = 2. Then T − T
′
1 consists of only one element, say z. Clearly, z is a coloop
of NT \T
′
1
. However, being a 3-connected matroid, F does not contain a coloop. Therefore z ∈ T ′
2
,
in fact, T ′2 = {z}. Thus F
∼= NT \T
′
1/T
′
2 = NT \T
′
1\T
′
2 = NT \T = N\T. In this case also we get a
contradiction.
Thus |T ′
1
| = 1. Let T ′
1
= {z}, X = T − T ′
1
and P = N\z. Then P is a minor of N and |X| = 2.
Further, P is graphic as N is graphic. By Proposition 2.2(ii), NT \T
′
1 = NT \z = (N\z)T−{z} = PX .
Thus we have PX/T
′
2
∼= F with T ′2 as a subset of X. Hence this case reduces to the case of graphic
splitting by two elements. In [16], it is proved that such P is isomorphic to one of the three
matroids as stated in Theorem 1.2. Therefore N is isomorphic to one of the three matroids as
stated in (iii). 
Lemma 3.2. The minor N of the matroid M as stated in Lemma 3.1 can be chosen so that it does
not contain a 2-cocircuit.
Proof. The matroids M(G˜1), M(G˜2), M(G˜3) do not contain a 2-cocircuit. Also, F being a 3-
connected matroid does not contain a 2-cocircuit. Assume that N contains a 2-cocircuit, say
X = {x, y}. Then, by Lemma 3.1, there is a subset T ′ of T such that NT /T
′ is isomorphic to F.
By definition of the splitting operation, X is a 2-cocircuit of NT also. Hence T
′ intersects X as F
does not contain a 2-cocircuit.
Suppose X ⊆ T. Then T = {x, y, z} for some z ∈ E(N). Clearly, z is a coloop in NT . Hence
z ∈ T ′. By Proposition 2.2(ii), NT /z = NT \z = (N\z)X . Since X is a cocircuit in N, either it
remains a cocircuit in N\z or both x and y become coloops in N\z. SupposeX is a cocircuit in N\z.
Then (N\z)X = N\z. Therefore F ∼= NT /T
′ = NT /z/(T
′ − {z}) = N\z/(T ′ − {z}). This shows
that F is a minor of the graphic matroid N, a contradiction. Thus, both x and y are coloops in N\z.
Therefore, they are coloops in (N\z)X = NT /z. Since F does not contain a coloop, both x and y
belong to T ′. Thus T ′ = T = {x, y, z} and F ∼= NT /T
′ = NT /z/X = N\z/X = N\z\X = N\T.
Therefore the graphic matroid N has F as a minor, a contradiction.
Suppose X is not a subset of T. Then T contains one member of X. We may assume that T
contains x. Hence T ′∩X = T ∩X = {x}. Since {x, y} is a cocircuit of NT , we have NT /x ∼= NT /y =
(N/y)T . Therefore F ∼= NT /T
′ = NT /x/(T
′ − {x}) ∼= (N/y)T /(T
′ − {x}). Thus, in this case, we
may replace the minor N of M by N/y. If N/y contains a 2-cocircuit say {x1, y1}, then x /∈ {x1, y1}
and as above T contains only one of them, say x1. Then (N/y/y1)T /(T
′ −{x, x1}) ∼= F. So replace
N/y by N/{y, y1}. Similarly, if N/{y, y1} contains a 2-cocircuit, say {x2, y2}, then T contains only
one of them, say x2 and we have F ∼= (N/{y, y1, y2})T . Note that N/{y, y1, y2} does not contain a
2-cocircuit and so we can replace N by N/{y, y1, y2}. This completes the proof. 
Lemma 3.3. If the minor N of the matroid M as stated in Lemma 3.1 does not satisfy Condition
(iii), then it does not contain a coloop.
Proof. Suppose the minor N ofM does not satisfy Condition (iii). Then N satisfies Condition (i) or
(ii). Therefore NT ∼= F or NT /T
′ ∼= F for some T ′ ⊂ T. Suppose N contains a coloop, say z. Then z
is a coloop in NT . Since F does not contain a coloop, NT ≇ F . Also, NT /z = NT \z = (N\z)T−{z}.
Therefore z ∈ T ′. Hence F ∼= NT /T
′ = (N\z)T−{z}/(T
′ − {z}). This case reduces to the case of
splitting by two elements. Hence, by Theorem 1.2, N is isomorphic to one of the three matroids
M(G˜1), M(G˜2) and M(G˜3). Thus N satisfies Condition (iii) of Lemma 3.1, a contradiction. 
We are trying to prove that the six matroids as stated in Theorem 1.3 are the forbidden minors
for the class of graphic matroids whose splitting with respect to three elements is graphic. Out
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of these six, we get two from the case of splitting by two elements as seen in Condition (iii) of
Lemma 3.1. To get the remaining forbidden minors, we need only to consider the graphic matroid
N satisfying Condition (i) or (ii) of Lemma 3.1. Then N also satisfy Lemmas 3.2 and 3.3. We call
such matroids as minimal matroids with respect to F ∈ F. We define them formally as follows.
Definition 3.4. Let N be a graphic matroid and let F ∈ F. We say that N is minimal with respect
to F if the following conditions hold.
(i). N contains no coloop and no 2-cocircuit.
(ii). There is T ⊆ E(N) with |T | = 3 such that NT ∼= F or NT /T
′ ∼= F for some non-empty
subset T ′ of T.
We need to find the minimal matroids with respect to F for every F ∈ F.
We relate a minimal matroid M with respect to F with a particular type of minor P so that
M = P or M is a coextension of P by one, two or three elements. To get such a minor P, we first
provide below the definition of a binary matroid M ′T which is a coextension of M by an element a
and is an extension of the splitting matroid MT by a.
Definition 3.5. [18] Let M be a binary matroid with standard matrix representation A over the
field GF (2) and let T ⊆ E(M). Let A′T be the matrix obtained from A by adjoining one extra row
to the matrix A whose entries are 1 in the columns labeled by the elements of T and zero otherwise
and then adding one extra column labeled by a with entry 1 in the last row and 0 elsewhere. Denote
the vector matroid of A′T by M
′
T .
The ground set of M ′T is E(M)∪{a}. From the definition of MT and M
′
T , the following relations
follow immediately.
Lemma 3.6. [18] Let M be a binary matrod and T ⊆ E(M). Then
(i). MT = M
′
T \a and
(ii). M ′T /a
∼= M.
Using Definition 3.5, we prove in the following lemma that a minimal matroid with respect to F
has a minor P with the property that there is a binary coextension N of P by an element a such
that N\a ∼= F.
Lemma 3.7. Let M be a graphic matroid which is minimal with respect to F ∈ F. Then there is
a binary matroid N containing an element a such that N\a ∼= F. Further, N/a is a minor of M
such that either M = N/a or M is a coextension of N/a by one, two or three elements.
Proof. There is T ⊆ E(M) with |T | = 3 such that MT ∼= F or MT /T
′ ∼= F for some nonempty
subset T ′ of T.
(i). Suppose MT ∼= F. Let N = M
′
T . By Lemma 3.6(i), N is a binary matroid containing an
element a such that N\a = MT ∼= F and N/a = M.
M
N = M ′T
MT
N\a
N/a
❄
❂
⑥
Figure: Relation between N , MT and M
(ii). Suppose MT /T
′ ∼= F for some nonempty subset T ′ of T. In this case, define N = M ′T /T
′.
Then N is a binary matroid containing a such that N\a = M ′T \a/T
′ = MT /T
′ ∼= F. Further,
N/a = M ′T /a/T
′ = M/T ′. Hence M is a coextension of N/a by T ′. As |T ′| ≤ 3, the result
follows. 
4. Graphic Quotients of Non-graphic Binary Matroids
By Lemma 3.7, if a graphic matroid M is minimal with respect to F for some F ∈ F =
{F7, F
∗
7 ,M
∗(K3,3),M
∗(K5)}, then there is a binary matroid N such that N/a is a minor of M
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and N\a ∼= F . Hence N/a is a graphic quotient of F . In this section, we find N/a for every
matroid of the collection F.
We first prove the following lemma.
Lemma 4.1. Let N be a binary matroid and a be an element of N such that N\a ∼= F for F ∈ F
and N/a is the circuit matroid of a connected graph G. Then the following holds.
(i). G is a block or it has two blocks one of which is a loop.
(ii). G contains at most one loop.
(iii). G does not contain more than two edges with same pair of end vertices.
(iv). G does not contain a 2-edge cut.
(v). If F is an Eulerian matroid, then G is an Eulerian graph.
Proof. Since F is 3-connected, F does not contain a loop, a coloop, a 2-circuit and a 2-cocircuit.
Suppose a is a loop or coloop of N. Then F ∼= N\a = N/a and so, by Theorem 2.3, N/a is not
graphic, a contradiction. Hence a belongs to a circuit of N of size at least two. Since N\a is
3-connected, N is connected.
(i). Suppose G is not a block. Let B1 be a block of G containing the maximum number of edges
of G. Suppose B1 consists of only one edge. Then every block of G consists of only one edge. Hence
every element of N/a is a loop or a coloop. This implies that all elements of N are parallel to each
other. Hence all elements of N\a are parallel to each other. As F has at least seven elements, N\a
also has at least seven elements. This shows that F contains a 2-circuit, a contradiction.
Hence B1 consists of at least two edges. Let B2 be the union of all blocks of G other than B1.
SupposeB2 also has at least two edges. Let r be the rank function of N. Let B
′
1 and B
′
2 be the minors
of N each containing the element a such that B′i/a = Bi for i = 1, 2. Then r(B
′
i\a) ≤ r(Bi) + 1 for
i = 1, 2. Also, r(N\a) = r(N) = r(N/a) + 1. Since G is not 2-connected, N/a is disconnected and
r(B1) + r(B2)− r(N/a) = 0. Hence
r(B′1\a) + r(B
′
2\a)− r(N\a) ≤ r(B1) + 1 + r(B2) + 1− r(N/a) − 1 = 1
Thus (E(B1), E(B2)) gives a 2-separation of N\a. Therefore N\a is not 3-connected, a contra-
diction. Thus |E(B2)| = 1 and hence B2 is a block of G and it must be a loop of G.
(ii). Suppose G contains two loops, say x and y. Then x or y or both are loops in N or {a, x}
and {a, y} and so {x, y} are circuits in N. Hence N\a contains a loop or 2-circuit. This shows that
F contains a loop or a 2-circuit, a contradiction. Thus G contains at most one loop.
(iii). Assume that G has three edges which are parallel to each other. It follows that at least
two of them are in a 2-circuit of N. Hence N\a contains a 2-circuit, a contradiction.
(iv). Assume that G contains a 2-edge cut {x, y}. Then {x, y} is a 2-cocircuit in N. Therefore
{x, y} contains a cocircuit of N\a. Hence F has a 1-cocircuit or a 2-cocircuit, a contradiction.
(v). Suppose F is an Eulerian matroid. Then N\a is also Eulerian and so its dual (N\a)∗ =
N∗/a is a bipartite matroid. Therefore N∗/a does not contain a circuit of odd size. Hence every
circuit of N∗ which avoids a has even size. This shows that every circuit of N∗\a has even size.
Therefore N∗\a is a bipartite. Hence its dual N/a is an Eulerian matroid. Consequently, the
corresponding graph G is an Eulerian graph. 
We now find graphic quotients of F for every F ∈ {F7, F
∗
7
,M(K∗
3,3),M
∗(K5)}.
The following result give graphic elementary quotients of the matroid F ∗7 .
Lemma 4.2. Let N be a binary matroid and a ∈ E(N). If N\a ∼= F ∗7 and N/a is a graphic
matroid, then N/a is isomorphic to M(G10) or M(G11), where G10 and G11 are the graphs as
shown in Figure 3.
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Proof. Suppose N\a ∼= F ∗7 and N/a is isomorphic to M(G) for some connected graph G. If a is
a loop or coloop of N , then N/a = N\a ∼= F ∗7 , a contradiction to the fact that N/a is graphic.
Hence a belongs to a circuit of N of size greater than one. Since F ∗7 has rank 4 and it contains 7
elements, the graph G has 4 vertices and 7 edges. By Lemma 4.1(i), G is 2-connected or has two
blocks one of which is a loop.
Case (i). Suppose G does not contain a loop.
Then G is 2-connected. By Lemma 4.1(iii) and (iv), G does not have a vertex of degree two and
more than two edges with same pair of end vertices. Hence G can be obtained from Hi by adding
one parallel edge, or from Hii by adding two parallel edges or from Hiii by adding three parallel
edges, where Hi, Hii and Hiii are the graphs as shown in Figure 4.
Suppose G is obtained from Hi or Hii. Then N contains a 3-circuit or a 2-circuit without
containing a. Therefore N\a contains a 3-circuit or a 2-circuit, which a contradiction to the fact
that F ∗
7
is a 3-connected bipartite matroid. If G is obtained from Hiii, then it is isomorphic to the
graph G11.
Case (ii). Suppose G contains a loop.
Then G can be obtained from Hi by adding a loop, or from Hii by adding a loop and a parallel
edge or from Hiii by adding a loop and two parallel edges. If G is obtained Hii or Hiii, then G
contains a 2-edge cut, a contradiction to Lemma 4.1(iv). Hence G is obtained from Hi. In this case,
G is isomorphic to the graph G10. 
r r rr r r
r r rr r r
Figure 4
Hi Hii Hiii
We now determine graphic elementary quotients of the matroid F7.
Lemma 4.3. Let N be a binary matroid and a ∈ E(N). If N\a ∼= F7 and N/a is a graphic
matroid, then N/a is isomorphic to the circuit matroid of G12, where G12 is the graph as shown in
Figure 3.
Proof. SinceN is a binary extension of F7 by the element a, it follows from the matrix representation
of F7 that there is a 2-cocircuit {x, a} in N for some x ∈ E(N). Therefore x is a loop in N/a. Hence
N/a\x =∼= (N\a)/x ∼= F7/x. However, the matroid F7/x is isomorphic to the circuit matroid of a
fat triangle, a graph obtained from a triangle by adding three edges parallel to three edges of the
triangle. Hence G is obtained by adding a loop to a fat triangle and thus it is isomorphic to the
graph G12. 
By Proposition 2.4, M(G6) andM(G7) are the forbidden minors for the graphic splitting matroid
MT of graphic matroids M where |T | = 3.
In the next two lemmas, we find graphic quotients of M∗(K3,3) and M
∗(K5) which avoids M(G6)
and M(G7).
Lemma 4.4. Let N be a binary matroid with a ∈ E(N) and N/a does not contain a minor
isomorphic to M(G6) or M(G7). If N\a ∼= M
∗(K3,3) and N/a is a graphic matroid, then N/a is
isomorphic to the circuit matroid of G13, where G13 is the graph as shown in Figure 3.
Proof. Suppose N/a = M(G) for some connected graph G. Since M∗(K3,3,) has rank 4 and 9
elements, N has rank 4 and 10 elements. Hence G has 4 vertices and 9 edges. Since K3,3 is a
bipartite graph, M∗(K3,3) is an Eulerian matroid. Hence, by Lemma 4.1(v), G is an Eulerian
graph. By Lemma 4.1(i), G is 2-connected or it is a block plus a loop.
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Case (i). Suppose G contains a loop.
Then the block of G other than a loop must be an Eulerian graph on 4 vertices and 8 edges. By
Harary [[11], p.230], every 2-connected Eulerian graph with 4 vertices and 8 edges is isomorphic to
Hiv or Hv, where Hiv or Hv are the graphs as shown in Figure 5.
qq qq
qq qq
Hiv
Figure 5
Hv
However, Hv contains a minor isomorphic to the graph G7 while Hiv plus a loop contains a minor
isomorphic to G6. Hence G does not arise from these graphs.
Case (ii). Suppose G is 2-connected.
By Harary [[11], pp. 230], every Eulerian graph with 4 vertices and 9 edges is isomorphic to the
graph G13. Hence G is isomorphic to the graph G13. Thus N/a ∼= M(G13). 
Lemma 4.5. Let N be a binary matroid and a ∈ E(N) and N does not contain a minor isomorphic
to M(G6) or M(G7). If N\a ∼= M
∗(K5) and N/a is a graphic matroid, then N/a ∼= M(G14), where
G14 is the graph as shown in Figure 3.
Proof. Since N/a is graphic, N/a = M(G) for a connected graph G. As M∗(K5) has rank 6 and
10 elements, N has rank 6 and 11 elements. Hence the graph G has 6 vertices and 10 edges. By
Lemma 4.1(i), G is 2-connected or it is a block plus a loop and further, by Lemma 4.1(iv), G does
not contains a 2-edge cut.
Case (i). Suppose G is a simple 2-connected graph.
By Harary [[11], pp. 223], there are 12 non-isomorphic 2-connected graphs with 6 vertices and
10 edges. Out of these 12 graphs, 8 graphs contain a vertex of degree 2 each and so, by Lemma 4.1
(iv), we discard them. The remaining four graphs are as shown in Figure 6.
q q q qq q q q
q q q qq q q q
q q q qq q q q
Figure 6
Hvi Hvii Hviii Hix
The graphs Hvii and Hviii each contains a minor isomorphic to G7. So we discard them also.
Suppose G is isomorphic to Hix. Then the coextension N of M(G) is graphic or it contains an
odd circuit that avoids a. However, N cannot be graphic as it contains a minor isomorphic to
M∗(K5). Hence N contains an odd circuit without containing a. Therefore N\a ∼= M
∗(K5) contains
an odd circuit. This is a contradiction to the fact that M∗(K5) is a bipartite matroid. Hence
M(G) ≇M(Hix). The only graph remained is Hvi. Hence G ∼= Hvi = G14.
Case (ii). Suppose G contains either one pair of parallel edges or a loop.
Then G can be obtained from a simple graph on 6 vertices and 9 edges by adding a parallel
edge or a loop. By Harary [[11], pp. 222], there are 14 non-isomorphic 2-connected graphs on 6
vertices and 9 edges. Out of these, eight graphs contain more than two vertices of degree two giving
a 2-edge cut after adding a parallel edge or a loop. So we discard them by Lemma 4.1(iv). The
remaining graphs are as shown in Figure 7.
qq qq q
q qq qq q
q
qq qq q
q qq qq q
q
qq qq q
q qq qq q
q
Figure 7
HxiiiHx HxivHxi HxvHxii
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Out of these, Hx and Hxii each contains the graph G7 as a minor. Hence, they can be discarded.
Each of the remaining four graphs contains G6 as a minor after addition of a loop. Similarly, each
of these graphs contains G7 as a minor after the addition of one parallel edge in such a way that
resulting graph does not contain a 2-edge cut. Thus, in this case, all choices for G are discarded.
Case (iii). Suppose G contains either two pairs of parallel edges, or one pair of parallel edges and
a loop.
Then G can be obtained from a simple graph on 6 vertices and 8 edges. There are nine non-
isomorphic 2-connected graphs on 6 vertices and 8 edges by Harary [[11], pp. 221]. Out of these,
five contain more than three vertices of degree two giving a 2-edge cut in G after adding two parallel
edges or one parallel edge and a loop. Hence we discard them by Lemma 4.1(iv). The remaining
graphs are Hxvi, Hxvii, Hxviii and Hxix as shown in Figure 8.
q q q qq q q q
q q q qq q q q
q q q qq q q q
Figure 8
Hxvi Hxvii Hxviii Hxix
In each of these graphs, addition of two parallel edges gives a minor isomorphic to G7 or contains
a 2-edge cut. Similarly, after addition of one parallel edge and a loop to each of these graphs, the
resulting graph contains G7 as a minor or contains a 2-edge cut. Thus, in this case, all choices for
G get discarded.
Case (iv). Suppose G contains three pairs of parallel edges, or two pairs of parallel edges and a
loop.
Then G can be obtained from simple 2-connected graph with 6 vertices and 7 edges. Then only
Hxx, Hxxi and Hxxii are the simple, non-isomorphic 2-connected graphs [[11], pp. 220] on 6 vertices
and 7 edges as shown in Figure 9.
q q qq q q
q q qq q q
q q qq q q
Hxx Hxxi Hxxii
Figure 9
For each of these graphs, if we add three parallel edges, or two parallel edges and one loop, then
the resulting graphs contain G7 as a minor or a 2-edge cut. Hence G has no choice in this case also.
There is no 2-connected graph without containing a minor G7 or a 2-edge cut with at least three
pairs of parallel edges and a loop, or at least four pairs of parallel edges. 
5. Proof of Main Theorem
In this section, we prove Theorem 1.3 using the results of the last two sections. We use the
following result and the fact that, a matroid M is Eulerian if its ground set is an union of disjoint
circuits of M.
Lemma 5.1. [15] Let M be a binary matroid and T ⊆ E(M) and C be the collection of circuits of
M . Then the collection of circuits of MT is C1 ∪ C2, where
C1 = {C ∈ C : |C ∩ T | is even} and
C2 = {C1 ∪ C2 : C1, C2 ∈ C, C1 ∩ C2 = ∅, |Ci ∩ T | is odd, C1 ∪ C2 contains no member of C1}.
We restate Theorem 1.3 here for convenience.
Theorem 5.2. Let M be a graphic matroid. Then the splitting matroid MT is graphic for any
T ⊆ E(M) with |T | = 3 if and only if M does not contain a minor isomorphic to any of the
circuit matroids M(G˜4),M(G˜5) and M(Gk) for k = 6, 7, 8, 9, where G4, G5, . . . , G9 are the graphs
as shown in Figure 2.
Proof. SupposeM has a minor isomorphic to one of the circuit matroidsM(G˜4),M(G˜5) andM(Gk)
for k = 6, 7, 8, 9. Then, by Proposition 2.4, MT is not graphic for some T ⊆ E(M) with |T | = 3.
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Conversely, suppose that M does not contain a minor isomorphic to any of the circuits matroids
M(G˜4),M(G˜5) and M(Gk) for k = 6, 7, 8, 9. We prove that MT is graphic for any T ⊆ E(M)
with |T | = 3. On the contrary, assume that MT is not a graphic matroid for some T ⊆ E(M)
with |T | = 3. Then, by Theorem 2.3, MT has a minor isomorphic to F for some F ∈ F =
{F7, F
∗
7 ,M
∗(K3,3),M
∗(K5)}.
By Lemma 3.1, M contains a minor Q containing T such that one of the following holds.
(i). Q is isomorphic to one of the circuits matroids M(G˜1),M(G˜2) or M(G˜3), where Gi is the
graph as shown in Figure 1 for i = 1, 2, 3.
(ii). QT ∼= F or QT /T
′ ∼= F for some non-empty subset T ′ of T.
Suppose (i) holds. Since G1 = G5 and G3 = G4, Q is isomorphic to M(G˜2). Note that G7 can
be obtained by contracting one edge of G2. Hence M(G7) is a minor of M(G˜2). Thus M has a
minor isomorphic to M(G7), a contradiction. Therefore (i) does not hold.
Suppose (ii) holds. By Lemmas 3.2 and 3.3, we may assume that Q does not contain a 2-cocircuit
and a coloop. Hence it is minimal with respect to F . By Lemma 3.7, there exists a binary matroid
N such that N\a ∼= F , and Q = N/a or Q is a coextension of N/a by one, two or three elements.
As M is graphic, Q and N/a are also graphic. Let Q = M(G) for some graph G. We may assume
that G is connected. There are the following four cases depending on the choice of F. We obtain a
contradiction in each case using Lemma 4.2, 4.3, 4.4 and 4.5.
Case (i). Suppose F ∼= F ∗7 .
Since N\a ∼= F , we have N\a ∼= F ∗7 . By Lemma 4.2, N/a is isomorphic to M(G10) or M(G11),
where G10 or G11 are the graphs as shown in Figure 3. Note that G10 = G6 and G11 = G7.
Therefore M(G6) or M(G7) is isomorphic to a minor of M , a contradiction.
Case (ii). Suppose F ∼= F7.
Then N\a ∼= F7. By Lemma 4.3, N/a is isomorphic to M(G12), where G12 is the graph as shown
in Figure 3. Since G12 contains three pairs of parallel edges and a loop, for any T ⊆ E(G12) with
|T | = 3, M(G12)T contains a 2-circuit or a loop. Therefore M(G12)T ≇ F7. Hence Q ≇ M(G12).
Therefore Q is a coextension of N/a = M(G12) by one, two or three elements.
There are five non-isomorphic coextensions G15, G16, G17, G18 and G19 of G12 by an edge without
containing a 2-edge cut and a coloop as shown in Figure 10.
r r rr r
r r rr r
r r rr rr r rr r
Figure 10
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Since G15, G18 and G19 each contains a minor isomorphic to G7, we discard them. We also
discard G16 as it contains a minor isomorphic to G6. Therefore Q = M(G), G = G17 or G is
a coextension of G17 by one or two elements. Observe that any coextension of G17 by an edge
contains G7 as a minor or contains a 2-edge cut. We discard the former case as in this case M
contains a minor isomorphic to M(G7). In the latter case, Q contains a 2-cocircuit, a contradiction
to Lemma 3.2. Also, a coextension by an element of a graph containing 2-edge cut contains a
2-edge cut.
Hence G = G17. Therefore G has eight edges and two disjoint 2-circuits. Since F7 has seven
elements, there is T ⊆ E(G) with |T | = 3 such that M(G)T /x ∼= F7 for some x ∈ T. If a 2-circuit
of M(G) does not intersect T or is contained in T, then it remains a circuit in M(G)T by Lemma
5.1 and so we get a 2-circuit or a loop in M(G)T /x, a contradiction. Hence T contains exactly one
edge from each 2-circuit of G. We may assume that x does not belong to a 2-circuit of G. Then
there is a triangle in G containing exactly two edges from T one of which is x. Hence this 3-circuit
of Q is preserved in QT also. Therefore, we get a 2-circuit in QT/x ∼= F7, a contradiction.
Case (iii). Suppose F ∼= M∗(K5).
SinceM avoids M(G6) and M(G7) as minors, the minor N/a of M also avoids them. By Lemma
4.5, N/a is isomorphic to M(G14), where G14 is the graph as shown in Figure 3. As G14 = G8, M
contains a minor isomorphic to M(G8), a contradiction.
ON GRAPHIC ELEMENTARY LIFTS OF GRAPHIC MATROIDS 11
Case (iv). Suppose F ∼= M∗(K3,3).
The matroid N/a does not contain a minor M(G6) or M(G7). Therefore, by Lemma 4.4, N/a
is isomorphic to M(G13), where G13 is the graphs as shown in Figure 3. There are three pairs
of parallel edges incident to the same vertex in G13. Therefore, if T is a set containing one edge
from each pair of parallel edges, then M(G13)T is graphic. However, QT is not graphic. Hence
Q ≇M(G13). Therefore Q = M(G) is a coextension of M(G13) by one, two or three elements.
There are two coextensions of G13 by an edge without containing G6 and G7 as minors. They
are shown in Figure 10 as G20 and G21. Note that G21 = G9. Hence, if Q arises from G9, then we
get a contradiction to our assumption.
Suppose Q arises from G20. Then Q is isomorphic to M(G20) or it is a coextension of M(G20)
by one or two elements. Suppose Q is isomorphic to M(G20). Then Q is Eulerian and there is a
set T of elements of Q with |T | = 3 such that QT /x ∼= M
∗(K3,3) for some x ∈ T. Let C
∗ be a
cocircuit of Q containing T. Then |C∗| is an even integer and so |C∗ − T | is an odd integer. By
Definition 1.1, both T and C∗−T are cocircuits in QT . Hence C
∗−T is an odd cocircuit in QT /x.
This shows that M∗(K3,3) contains an odd circuit, a contradiction to the fact that M
∗(K3,3) is an
Eulerian matroid. Hence Q is a coextension of M(G20) by one or two elements. However, every
coextension of M(G20) without containing a 2-edge cut contains a minor isomorphic to M(G7), a
contradiction.
Hence MT does not contain F as a minor for any F ∈ F. Therefore MT is graphic. 
6. Forbidden Minors for the Splitting by any Set
In previous sections, we obtained the forbidden minors for the class of graphic matroids M whose
splitting matroids MT with |T | = 3 are graphic. The method developed there can be applied to
the general case.
Let k ≥ 2 be an integer. Denote by Mk, the class of graphic matoridsM whose splitting matroids
MT , for any T ⊆ E(M) with |T | = k, are graphic.
Theorem 1.2 shows that the class M2 has three forbidden minors. In Theorem 1.3, we have
obtained forbidden minors for the classM3, some of which are single-element extensions of forbidden
minors for the class M2. Now, we see that this method of obtaining forbidden minors for the class
M3 can be generalized to get forbidden minors for the class Mk, where k ≥ 4.
Suppose M is a forbidden minor for the class Mk−1. Then, there is T1 ⊆ E(M) with |T1| = k− 1
such that MT1 is not graphic. Let M˜ be the extension of M by an element, say x. Let T1∪{x} = T.
Then T ⊆ E(M˜ ) with |T | = k. Further, M˜T \x = MT1 . Therefore M˜T is not graphic. Hence M˜
contains a forbidden minor for the class Mk. Thus, some forbidden minors for Mk arise recursively
from the forbidden minors for the class Mk−1.
We can find the other type of forbidden minors forMk by generalizing the results giving forbidden
minors for the class M3. Recall that F = {F7, F
∗
7
,M∗(K5),M
∗(K3,3)}.
The following lemma is a generalization of Lemma 3.1.
Lemma 6.1. Let k ≥ 4 and let M be a graphic matroid. Suppose MT contains a minor isomorphic
to F for some T ⊆ E(M) with |T | = k and F ∈ F. Then M has a minor N containing T such
that one of the following holds.
(i). NT ∼= F.
(ii). NT /T
′ ∼= F for some non-empty subset T ′ of T.
(iii). N is isomorphic to a single element extension of one of the forbidden minors of Mk−1.
Proof. The proof is similar to the proof of Lemma 3.1. 
As in the proof of Lemmas 3.2 and 3.3, one can easily prove that the minor N satisfying Condition
(i) or (ii) of Lemma 6.1 does not contain a coloop and a 2-cocircuit. The following lemma generalizes
Lemma 3.7.
Lemma 6.2. Let k ≥ 4 and let M be a graphic matroid. Suppose M does not contain a coloop and
2-cocircuit and MT /T
′ ∼= F for some T ⊆ E(M) with |T | = k and T ′ ⊆ T , where F ∈ F. Then
there is a binary matroid N containing an element a such that N\a ∼= F. Further, N/a is a minor
of M such that either M = N/a or M is a coextension of N/a by at most k elements.
Proof. The proof is similar to the proof of Lemma 3.7. 
We combine Lemmas 4.2, 4.3, 4.4 and 4.5 in the next result.
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Lemma 6.3. Let N be a binary matroid and a ∈ E(N). If N\a ∼= F for some F ∈ F and N/a is
the graphic matroid, then N/a is isomorphic to one of the circuit matroid of graphs G10, G11, G12,
G13 and G14, where G10, G11, G12, G13 and G14 are the graphs as shown in Figure 3.
It follows from Lemmas 6.2 and 6.3 that any forbidden minor P for the class Mk is isomorphic
to
(i) a single-element extension of some forbidden minor for the class Mk−1 or
(ii) M(Gi) for some i ∈ {10, 11, 12, 13, 14} or
(iii) a coextension of M(Gi) by h elements for some i ∈ {10, 11, 12, 13, 14} and 1 ≤ h ≤ k.
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